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The problem of electromagnetic-wave absorption in a simple model of metal, consisting of electrons and 
phonons in the presence of a uniform static magnetic field, is investigated by a quantum-kinetic description. 
The treatment, which stems from a proper time-dependent transport equation, does not have the time-scale 
restriction of the usual transition-probability approach and does give a proper description of the time-
dependent collective effects in a self-consistent way. 

I. INTRODUCTION 

IN this paper we are concerned with the problem of 
calculating the frequency-dependent conductivity 

and relaxation time of a simplified model of a metal in 
the presence of a homogeneous, static magnetic field. 
In this model, our system is composed of electrons and 
phonons, placed in a homogeneous static magnetic field 
and a homogeneous electric field given by Ee~iut. Our 
solution is valid in the high-frequency limit, which 
means for the conductivity parallel to the direction of 
magnetic field, co must be large compared with v\ for the 
conductivity perpendicular to the direction of the mag­
netic field, \oo—ooc\^>v. Here v is the collision frequency 
which is of the order of the phonon frequency and 
coc~eB/mc is the electron cyclotron frequency. We also 
restrict ourselves to magnetic fields such that ito)c<KEFj 

where EF is the Fermi energy of the electron gas. 
Our treatment, based on the kinetic description, takes 

into account the finite duration of encounters in a self-
consistent fashion which properly include collective 
effects. 

Our solution is also based on the assumption that the 
phonon distribution is not affected by the electron-
phonon interaction in the presence of the electric field. 
This approximation is valid for applied frequencies 
a£>>co/b, the phonon frequency. 

We obtain simple expressions for the conductivity 
which reduce to those of Ron1 in the absence of the mag­
netic field. I t is expected that our results could find ap­
plications in the study of absorption of the electromag­
netic waves in metals. 

II. THE FORMULATION 

Following Bardeen and Fines,2 we assume a mono-
atomic crystal of n ions and n valence electrons per unit 
volume. We introduce phonon coordinates to represent 
the ion motion, and second quantization representation 
for the electrons. The phonons are, in the long-
wavelength limit, either longitudinal or transverse. 
We further assume that only the longitudinal phonons 
interact with the electrons. This approximation amounts 

to neglect of anisotropic effects which couple the elec­
tron density fluctuation with transverse phonons. 
Such effects greatly complicate the equations and 
are probably important only for detailed quantitative 
calculations. 

The longitudinal phonons are described by the 
Hamiltonian 

k(zone) 

where Qk and Pk are the normal coordinates and the con­
jugate momenta respectively for phonons in the k state 
obeying the usual commutation relations. Here o)k

2 

represents the renormalized phonon spectrum (there­
after simply called the phonon spectrum) which is de­
termined not only by the ion-ion interaction but also 
by the ion-electron interaction. [See, for example, 
Eq. (27) or Ref. 1.] 

We shall describe the electron dynamics by an equa­
tion of motion for the Wigner distribution function. One 
has to, therefore, decouple the electrons from the 
phonons in the density matrix for the electron-phonon 
system. This is achieved by adopting the adiabatic ap­
proximation, assuming that the electrons move as 
though the ion lattice were fixed in their instantaneous 
positions. One can then have a density matrix just for 
the electrons which contains the phonon coordinates as 
parameters. This approximation is expected to be valid 
when c*£$>cok so that the phonons cannot quite follow the 
high-frequency electron-density fluctuations. We next 
put our electron-phonon system under the influence of a 
prevailing spatially uniform electric field E oscillating 
in time at the frequency co, and a homogeneous static 
magnetic field B. We are only interested in the high-
frequency region as we defined in the Introduction. This 
implies that we may systematically neglect the electron-
electron correlations including their exchange effects.3 

We also limit ourselves to weak magnetic fields, i.e., 
ficx)c<^EF, where coc is the electron cyclotron frequency 
and EF is the Fermi energy. This is not a severe restric­
tion on the field in the case of metals. In this limit one 
may neglect the quantization of the circular orbits of 

1 A. Ron, Phys. Rev. 131, 2041 (1963). The readers should refer 
to this paper for a survey of previous works. 

2 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 
3 C. Oberman, A. Ron, and J. Dawson, Phys. Fluids 5. 1514 

(1963). 
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the electrons.4 Thus, we obtain the equation of motion 
for the Wigner distribution function jF(R,p,2)4 in the 
laboratory frame: 

with 

dF p dF r 1 
1 e\ Ee-*"H p x B 

dt m dR L mc 

dF 

dp 

= ie /"dr£-^- r[*(R+|r)-$(R-ir)] 

dp' 

(2?r)3 

where 

F(R,p,t) = ( dre'f 
'2x)3 J 

Tr 
( 2 T ) « 

X W R - ^ ^ R + ' . A (2) 

Here^t(x^) andi/'(x^) are, respectively, the creation 
and annihilation operators for the electrons, and p, the 
many-electron density matrix in the Heisenberg repre­
sentation. Also, — e and m denote the charge and mass of 
the electron, c is the speed of light and ft, the Planck 
constant, is taken to be unity. In Eq. (1), $(R,0 is 
given by 

*(R,0= -e fdWdv\R'-R\^F(R\v,t)+UU^t) (3) 

(4) J7ion(R,*)=-E Vt>(R-r<0) •«*(/), 

where the first term in Eq. (3) is the self-consistent field 
of the electrons and the second term arises from the in­
teraction of the electrons with the vibrating lattice. 
Here r»° denotes the equilibrium position of the ion, and 
8r'i(t) denotes the "renormalized" deviation from the 
equilibrium. This means that the influence of the elec­
tron gas on the motion of the ions is already taken into 
account in 5r»(tf). In Eq. (1), any interaction due to the 
spin of the particles is systematically neglected. 

III. THE APPROXIMATION METHOD 

To facilitate solving the coupled equations (1) and 
(3), we perform the transformation to an oscillating 
frame in which the electrons do not see the electric field 
explicitly5: 

e=R+<<r-S 
q=p—io)m^e~iut, 

t = t, 

1 ) ;_(Exb) [bX(exb)] , 

z=eE/nua2, 

wc=e\B\/mc, b = B / | B | . 

Equations (1) and (3) become 

fd q d d~\ 
~+ COcfoxb)— \F(M,t) 
dt m dp 6qJ 

= te/rfK-*- r[$(jH-Jr,0-$(p-ir ,f l> 
(2TY 

X (dq'e«'-'F(9,q',t), (6) 

$(p,0=f/ion(p-Ce r""< ,0 

-e[dQ'dq\9-9'\-tf(0'AS) (7) 

with 

We now assume that the right-hand side of Eq. (6) 
causes only a small perturbation on the equilibrium 
solution of that equation, 

/o(p)sft(p) = 
(27r)3^o( hlih-"). +1 (8) 

where n0 is the average electron density, /x is the chemi­
cal potential of the noninteracting electrons, /3=l/kT 
and /(p) is normalized to one upon integration over p. 
(The factor 2 comes from the summation over the spin 
components.) This implies that the vibration of the 
lattice causes only a small effect. The equations for / 
and *&, the small departures from equilibrium, are 

fd q d d-i 
H w c ( q x b ) — /(p,q,0 

-dt m dp dq_ 

~ie 
dq r 

(2TT)3 J 

XC*(&+ir,/)-*(p-ir,0] (9) 

(5) 

and 

* Yu. L. KKmontovich and V. P. Silin, Usp. Fiz. Nauk 70, 247 
(1960) [English transl.: Soviet Phys.—Usp. 3, 84 (I960)]. 

5 C. Oberman and A. Ron, Phys. Rev. 130, 1291 (1963). 

-en* fd9'dq\9-9'\-iJ(9'A,t). (10) 

If we denote the Fourier transform of a function 
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KQ) by where the angles are measured from some direction, the 
1 /* x axis, in a plane perpendicular to B. We now introduce 

^^TTT* M ^ ' / f a ) the transformation6 

(2*T J 

and Fourier-analyze Eqs. (9) and (10), we have F(k,q) = e 

["* ik-q f d ~ ] ^ s XL^ w ( $ ~ a ) / w (M^ ( w ) (k ,q ) , (15) 
n 

with the inversion 
- - « c ( q x b ) — /(k,q,0 

.dtf /» dqJ 

= ̂ (k,o[/o(q+-V/o(q--)l (ID 
F<»>(k,q) = -

a n d , ' 27r/»(*1a) 

tf(k,*)= dqf(k>q,t) 
W J 

+exp\jk-Z<r*»qUUKt), (12) 
where 

X / d^eik^ain^~ah-in^-^F(k,q) y (16) 

rr /| v_ /" iklRrT /p y p where a= — qic/eB, and the / „ are Bessel functions oi 
t/ion(K,/;-—— J e% ' Uion(R,t)dR. t h e firgt k i n ( L I f w e a p p l y t h i s t r a n s f o r m a t i o n t o Eqs, 

(11) and (14) we obtain 
We now introduce the phonon coordinate Qb(t) into 
£/"ion(k,0 by the following equation. / d i&n£n 

1 \<9/ m 
uion(k,t)=—<2k(*H, (13) 

e 
where = ie\ 

in^Af^\k,q7t) 

k\ 
*(k,0, (17) 

»k=-(#Jf)-1 /2/rfR*p+k*(R) 
7 where 

and $^ is the p state. n (A 
Since the conductivity is defined by the limit e —> 0 (1 1 &k-tc~*M0 (18) 

we shall expand the second term on the right-hand side e 

of Eq. (12) and obtain 
It is now convenient to introduce the second quantiza-

&(\rA — T ° I daf(ka t) ^ o n reP resentation for the phonons by the equation 
V J t 

+ ( l + * . ^ - - 0 ^ i o n ( k , 0 . (14) nk(/)= [ 5 k e - - ^ + ^ k V ^ G , (19) 
(2cok)

1/2 

We proceed by choosing a cylindrical coordinate sys­
tem, with polar axis along B, in terms of which the rec- w h e r e ^ represents the phonon spectrum and 6k, bj 
tangular components of k, q, and £ are a r e t h e p h o n o n annihilation and creation operators 

k= (kx cosa, kx sina, *„), obeying the usual commutation relations. 
, . We next substitute Eq. (19) into the Eq. (18) for 

q - {qx cos$, qx sm$, qu), ^ (k? / )> T h e s o l u t i o n for t h e C0Upled Eq. (17) and (18) 
E = (ei cosfl, ei sin#, en) , yields 

/*_ vk f pB(k,a>*) jB(k,«+«*) 1 
w(k,/)= / /(k,q,0<*q = — Uk g-*"**+fk-C *-*(«+«*>« 

J (2«*)1/al LZ)(k,w*) D(k,co+co*) J 

r-B(k,-w*) i? (k ,«-«*) -I] 
"(»-•*>« , (20) 

LD(k, -co*) 
6N. Rostoker, Phys. Fluids 3, 922 (1960); C. Oberman and F. Shure, ibid. 6, 834 (1963); C. Oberman and A. Ron, Phys. Rev. 

130, 1291 (1963). 
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where 
4we2no 

D(k&)~A-~~-~B(k&), (21) 
k2 

and 
/o< nKp+k/2)- / 0<»>(p-k/2) 

S(k,«) = E / » 2 ( M E — . (22) 
w p (piikii/m) — nuc+oo+iv 

Recalling that f(R,pJt) = f (&&,£), one can easily show that 

n(k,t) = expftk- £*-•«<] / dReik'R / </p/(R,p,0 
(2TT)3 J J 

so that (23) 
»(k,0^(l-ik- £riw0^(lM). 

Substituting (20) into (23), one obtains, for the density fluctuation in the laboratory frame, 

w*k-C [ r 1 1 -] r 1 1 "I ] 

**(2w*) l / 2 l LD(k,W*) Z)(k,co+co/c)J L D ( k , - « * ) D(h, co-co*) J J 

&̂ f £(k,oofc) J5(k, — Co*) 1 
_g-^_f_£_kt g*w*'[, (24) 

(2c*ky*[ D(k,uk) D(ky-uk) 
where 

To relate n(k,t) to the current we next Fourier-analyze Eq. (1) and express the electron-lattice interaction in 
terms of the phonon coordinates, and thus obtain 

k-p d -] / k k \ dJt* I k k \ 
H *o>cp x b — \F( p + - , p — , n = +*eE p + - , p — , / )e~itat 

m dp J \ 2 2 / d p \ 2 2 / 

IF(P+—k', p--, /)-/<Yp+- p--+k', ̂  J , 
k' 

•47re2 

»(k',0+i»*()*(O 
. h'2 

k k 
(25) 

where F ( p + k / 2 , p—k/2, 0 = (^p-k/2t(0^p+k/2(0) is the However, limiting ourselves to the lowest order in the 
Fourier transform of F(R,p,0 [see Eq. (2)]. plasma parameter (in the high-density approximation) 

Using the definition of the current density in the we approximate n(k,t) by Eq. (24). Using Eqs. (27) and 
second quantization representation, we obtain for the (24), we obtain for J(co), 
average, homogeneous current density 

io)c ie2n0 ie kk«£|flk|2 

J( / )= E P ^ ( P , P , 0 , (26) w w w WC0 k 2cok<i>(&) 
w P 

where F(p,p,0 = l imjb^o/ ?(p+k/2,p-k/2,0. y / r t* . n j f * I * ] 
By combining Eqs. (25) and (26), one finds A [0k **+*> \ Ll)(k,co*) £ (k , -co,) J 

dJ ie2no 
i « o c b x J = Eer*»« f 1 1 "11 /nn. 
dt m - — - + — " , (28) 

LD(k , CO+COA;) D(k , co—cô ) J J 

+-Ek,*k<Qk'(0»(-kV) (27) 
w k' where vacuum current has been eliminated. 

, , • _ . Following Bloch we shall assume that the phonon 
where na is the average electron density and s y s t e m m a y b e t r e a t e d a s if i t w e r e i n t h e r m a l e q u i K . 

/ k k \ brium. Therefore, we obtain 

«(M=p(p+-,P--,<). < w + 4 = = i c o t h 0 W 2 ) . (29) 
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Thus, our final expression for the current is given by 

io)c ie2noE ie k k « t h k l 2 

J(co) - b x J(o>) = E 
co m rrm k 4ajk&(k) 

Xcoth 
Pa>k ( r l 
L — J 

2 lLj9(ky 

[ 

1 

Wk) D(k, — cofc)J 

1 1 

+ 
D(k,co+^) D(k, a)—a>k)-

(30) 

We now utilize right- and left-polarized components 
of E_1_B and find with J± = JxzkiJy and JU = JZ, 
E±~ExzkiEyy and EU = EZ, that 

7ll(co) = o r„ (co )E I I , 

where 

ie2n0/ W A - Y e2 / coA"1 ~| 
<r±(co) = ( 1 + - ) 1 1 ± - / , («) : 

mco \ co/ L /wco2\ co/ J 

o-„(«) = 1 Ji(co) . 

mw L mco2 J 

The functions I\ and 72 are denned by 

ku2\vk\
2 

/ i ( « ) = E 

(31) 

(32) 

k £24<!>(&)co^o 

l&O* 1 1 
Xcoth—1| + 

2 lLZ>(k,«A) D(k, -co,) . 

1 1 
+ 

.D(k, co+cofc) D(k, c o — c o j . 

12 

(33) 

/2(co) = Z -
k e28$(k)a)kno 

/3cofc(f 1 
Xcoth 

2 D(k,m) D(k 

1 1 

+ 

, —co,)J 

.Z>(k, co+cofc) Z) (k , co —cofc). 
(34) 

Equations (31) and (32) constitute our result for the 
conductivity tensor. I t is expressed in terms of Z)(kco), 
the electronic dielectric function in a homogeneous mag­
netic field within the random-phase approximation. 
When the magnetic field is weak, i.e., coc<<Cco, the dielec­
tric function D(kco) is independent of the field to the 
first order in coc. In this case, the sole dependence of the 
conductivity on magnetic field comes from the factors 
(ldzcoc/co)-1. This is an uninteresting limit since it could 
be obtained by simple perturbation methods. Hence, the 

more interesting case is in the region of higher magnetic 
fields, coc^co, but which still satisfy our basic assumption 
that |co—o)c\̂ >p or co&. Therefore, further simplification 
can be made to obtain the leading terms in the case of co, 
COĈ COA;. Thus, we can ignore co, in the dielectric functions 
in Eqs. (33), (34). Also, we make the substitutions that 

\vk\
2~(47re2/k)2(n0/M), 

and o)k=cky where c, the sound speed, is given by 
6= (m/3M)1/2vF and M is the ion mass. Then Eqs. (33), 
(34) become 

27T&,,2 //3ck\ 
/ i («) = E cothf — n , 

k Mck \ 2 / lZ)(k,0) £>(k,co)J 

irki2 ffick 
I2(co) = E coth 

k Mck (?) l l 

D(k,0) JD(k,«)] 

(35) 

(36) 

We can now obtain the frequency-dependent relaxation 
time via the definitions 

0",,= 

<T±~-

i e 2 n 0 1 

Wn* co+i/r,i 

ie2n0/ coc\ * 1 

= 1 ± - ) , 
m±*\ co/ o)Jri/r± 

(37) 

where 

Wn* = m| H— Reli(co) , 
mco^no 

L mo)2no\ co / 

(38) 

(co) 

and 

Til ' = * = I m / i ( « ) , 
MOOUQ 

T± 
moono \ co / 

(39) 

ImJ2(co). 

Let us examine some of the features of these results 
which we presume are valid in general.1 Irrespective of 
the magnetic field, for normal metals where kT<£EF, 
£>(k,co) is essentially independent of temperature and 
the temperature dependence of the relaxation time 
comes from the coth(/fc&/2) factor in Eqs. (35), (36). 
For temperatures much below the Debye temperature, 
coth(f3ck/2) approaches unity. The lifetimes are finite 
and proportional to M1/2. They do not approach zero as 
in the low-frequency case due to the possibility of the 
electrons to absorb photons and emit phonons. For tem­
peratures above the Debye temperature, coth(/3c&/2) 
approaches 2//3ck. Therefore, the relaxation times are 
proportional to p and independent of the ion mass. 
Aside from the factors (lzbcoc/co)-1, the conductivity 
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tensor depends on the magnetic field through Z>(k,0) 
andD(k,co). These dielectric functions are expressed by 
an infinite sum as can be seen from Eqs. (21), (22) and 
have to be evaluated numerically. 

IV. CONCLUSION 

In arriving at our final results, Eqs. (37), (38), and 
(39), we have assumed [Eq. (29)] that the phonons are 

I. INTRODUCTION 

TH E alkaline-earth fluorides have been extensively 
investigated over the last years, especially their 

optical properties1 and the behavior of paramagnetic-
ion impurities in their host lattices.2 As they form ionic 
crystals, and thus their lattice forces might be derived 
theoretically from a simple rigid-ion model,3 it is of 
interest to investigate their mechanical properties. The 
elastic constants of CaF2 from 4.2 to 300 °K have been 
determined recently,4 and the present report describes 
measurements of the adiabatic elastic-stiffness con­
stants of BaF2 over the temperature range 4.2-300°K. 
Measurements of elastic constants, and their tempera­
ture dependence provide information about the me­
chanical and thermodynamic properties of the lattice. 
They can also be compared with the theoretically 
calculated values, and thus the validity of the assump­
tions underlying the theoretical model can be examined. 

II. EXPERIMENTAL TECHNIQUE 

Barium fluoride is a cubic crystal, and thus it has 
three independent elastic constants: en, Cu, and cu> 
The latter were determined by measuring the sound 

1 W. Kaiser, W. G. Spitzer, R. H. Kaiser, and L. E. Howarth, 
Phys. Rev. 127, 1950 (1962). 

2 W. Low, in Advances in Quantum Electronics, edited by J. 
Singer (Columbia University Press, New York, 1961). 

3 M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Clarendon Press, Oxford, 1954). 

4 D. R. Huffman and M. H. Norwood, Phys. Rev. 117, 709 
(1960). 

in thermal equilibrium. This implies that the electron 
density fluctuates so fast at a frequency co much higher 
than cofc and therefore the phonons cannot follow the 
fluctuations. 

Our result for the longitudinal conductivity is there­
fore valid when o£>>cofc. For the transverse conductivity 
our results are valid for |a>—a)c\^>o)k. which includes 
the case of low applied frequency co but a)c^>ook. 

velocity in different crystalline directions, by a pulse-
echo technique, utilizing unrectifled pulses at 15 
Mc/sec.5 Such a technique avoids the necessity for the 
utime-of-flight correction," and also increases the ac­
curacy. A single crystal of BaF2 was oriented by means 
of x-ray Laue back reflection, and two pairs of parallel 
surfaces were ground on it. One set of surfaces corre­
sponded to a (111) crystalline plane, while the other 
set was a (110). X- and F-cut quartz transducers of 
5-Mc/sec fundamental frequency, operating at their 
third harmonic, were used in generating longitudinal 
and shear sound waves, respectively. For the room-
temperature measurements, phenyl salicylate (salol) 
was used in bonding the transducer to the sample, 
glycerine, and "Nonaq" stopcock grease were used from 
below room temperature, to about 120°K. From there, 
down to 4.2°K, Dow-Corning No. 200 silicone fluid, 
1000-cstoke viscosity, was used as a bonding agent. 
Where measurements with different bonding materials 
were made in overlapping temperature ranges, the 
agreement of the results was within the limit of error. 
After bonding the transducer, the crystal was placed 
inside a cryostat, under a dry helium atmosphere, 
where its temperature could be varied between 4.2 and 
300°K. 

The elastic constants were determined by measuring 
the sound velocity of five different propagation modes. 
These were a longitudinal and shear wave in the 
[111] direction, and a longitudinal and two shear 

5 S. Eros and J. R. Reitz, J. Appl. Phys. 29, 683 (1958). 
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The elastic constants of single-crystal barium fluoride have been determined in the 4.2-300°K temperature 
range, by an ultrasonic pulse-echo technique. The values of the elastic constants, extrapolated to 0°K, in 
units of 1011 dyn/cm2, are: cn = 9.810, c\i — 4.481, and c^ = 2.544. The constants cu, and en change by about 
10%, while cu hardly changes over the above temperature range. Barium fluoride is found to be mechanically 
isotropic, the value of the anisotropy factor 2cu{cii — c\2)~l being close to unity between 4.2 and 300°K. A 
value of 282°K for the Debye temperature at 0°K is computed from the elastic constants. The values of the 
elastic constants are deduced theoretically from a rigid-ion model, and the results compared with the experi­
mental data. 


